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A Geometric Construction of Partial Geometries with a Hermitian Point
Graph
ELISABETH KUIJKEN†
In 1998 Mathon constructed algebraically a class of partial geometries pg(q − 1, (q2 − 1)/2,
(q − 1)/2), where q is an even power of 3. The point graph of these partial geometries is the Hermitian
graph constructed by Taylor. In this paper a geometric construction of Mathon’s partial geometries is
given. The construction also works if q is an odd power of 3, yielding new partial geometries with a
Hermitian point graph.
c© 2002 Published by Elsevier Science Ltd.
1. INTRODUCTION
A partial geometry pg(s, t, α) (s, t ≥ 1, 1 ≤ α ≤ min{s+1, t+1}) is a point-line incidence
structure in which two distinct lines are incident with at most one point, each line is incident
with s + 1 points, each point is incident with t + 1 lines, and for each non-incident point-line
pair there are α points incident with the line and collinear with the point. The graph on the
point set of a pg(s, t, α), vertices being adjacent if and only if they are collinear, is called
its point graph; it is an srg((s + 1)(st + α)/α, s(t + 1), s − 1 + t (α − 1), α(t + 1)). A
strongly regular graph is called pseudo-geometric if there exist integers s, t ≥ 1 and 1 ≤ α ≤
min{s + 1, t + 1} such that the parameters have the above form. Such a graph is geometric
if it is the point graph of a pg(s, t, α). For a survey on partial geometries we refer to [3]; an
update is made in [2].
In an algebraic way, Mathon [8] has constructed a class of partial geometries pg(q−1, (q2−
1)/2, (q − 1)/2), q = 32h, h ∈ N\{0}. The point graph of Mathon’s partial geometries, the
Hermitian graphH′(q), was first defined algebraically by Taylor [12]. A geometric description
ofH′(q), q a power of 3, is based on the isomorphism between the Hermitian curve H(2, q2)
and the Hermitian ovoid of the split Cayley hexagon H(q). The goal of this paper is to give
a geometric construction of Mathon’s partial geometries; the geometric description of H′(q)
provides the key ideas. As the construction turns out to work for q = 32h+1, h ∈ N, as well, a
new class of partial geometries with a Hermitian point graph is obtained.
2. THE GENERALIZED HEXAGON H(q) AND ITS HERMITIAN OVOID
A generalized hexagon is a point-line incidence structure which has an incidence graph
with diameter 6, girth 12 and valency at least 3 in every vertex. If x is an element (a point or
a line) of a generalized hexagon and i ∈ {1, . . . , 6}, then 0i (x) denotes the set of elements
at distance i from x in the incidence graph. Two elements are opposite if they are at mutual
distance 6 in the incidence graph.
An important generalized hexagon is the so-called split Cayley hexagon H(q) of order q.
The points and lines of H(q) are all points and certain lines of the quadric Q(6, q), q a prime
power. The precise definition of the lines is not relevant here, but can be found in [16]. For
any point p of H(q) the set 02(p) ∪ {p} is a plane on Q(6, q). It can be proved that two
points are opposite if and only if they are not collinear on Q(6, q). This implies that for any
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two opposite points x and y the set 02(x) ∪ 04(y) is a line on Q(6, q) which is not a line of
H(q). Moreover, if x and y are opposite points of H(q), then there are exactly q + 1 lines of
H(q) at distance 3 from x and y, and there are exactly q+1 points at distance 3 from all those
lines. This set P(x, y) of q + 1 points is called the point regulus determined by x and y; it
is determined by any two of its points. It is easily proved that point reguli are non-degenerate
conics.
An ovoid of H(q) is a set of q3 + 1 mutually opposite points of H(q). If q is a power of 3,
H(q) has an ovoid which is isomorphic to the Hermitian curve H(2, q2) and is called the
Hermitian ovoid [15]. The (doubly transitive) stabilizer of a Hermitian ovoid in the collinea-
tion group of H(q) is isomorphic to P0U3(q2).
Let q be a power of 3 for the rest of this section. For any two distinct points x and y of
the Hermitian ovoid U of H(q) the point regulus P(x, y) is a subset of U . The next lemma
provides some more information on the structure of U .
LEMMA 2.1. Let U be the Hermitian ovoid of H(q), q a power of 3, and choose p ∈ U .
Let M be a line of Q(6, q) not containing p but contained in the plane 02(p) ∪ {p}. Then
there exists a point regulus P(p, t), t ∈ U \ {p}, such that M = 02(p) ∩ 04(t ′) for all
t ′ ∈ P(p, t)\{p}.
PROOF. Let u and v be two distinct points on M . A double counting argument implies
that there are exactly q points ω1, . . . , ωq of U \{p} that are at distance 4 from both u and
v. It follows that M = 02(p) ∩ 04(ωi ) for each i ∈ {1, . . . , q}. Now put t := ω1; clearly
each point t ′ ∈ P(p, t)\{p} satisfies M = 02(p) ∩ 04(t ′). Thus we obtain {ω1, . . . , ωq} =
P(p, t)\{p}, which proves the lemma. 2
We will need an explicit description of the Hermitian ovoid of H(q); the approach which
suits our purposes best is coordinatization of the generalized hexagon. The theory of coordi-
natization is explained in [4] and more generally in [16]. What is relevant here, is that for the
quadric Q(6, q) the standard equation X0 X4 + X1 X5 + X2 X6 − X23 = 0 is used, that for
p := (1, 0, 0, 0, 0, 0, 0) the plane 02(p) ∪ {p} is described by X1 = X2 = X3 = X4 = 0,
and that the Hermitian ovoid can be written in the following form (see for instance [1]):
U = {(1, 0, 0, 0, 0, 0, 0)} ∪ {(−γ−3a′′4 + a′2 − γ 3a4 + aa′a′′,−a′′,−a,−a′ + aa′′, 1,
−γ−3a′′3 − aa′ − a2a′′,−γ 3a3 + a′a′′)|a, a′, a′′ ∈ GF(q)}.
Here γ may be any non-square in GF(q).
3. THE HERMITIAN GRAPHS H′(3h), h ∈ N\{0}
A two-graph is a pair (Ω ,1) of a finite vertex set  and a set 1 of coherent triples of ver-
tices, such that each 4-subset of  contains an even number of coherent triples. A two-graph
(,1) is regular if each pair of vertices is contained in a fixed number a of coherent triples.
Automorphisms of two-graphs are defined in the usual way; clearly a two-graph admitting
a doubly transitive automorphism group is regular. For more about two-graphs we recom-
mend [10] and [13].
Let (,1) be a regular two-graph with parameters n := || and a, let p be any vertex, and
define two vertices x and y different from p to be adjacent if and only if {p, x, y} is coherent.
This defines an srg(n−1, a, (3a−n)/2, a/2) on \{p} that is called the descendant of (,1)
with respect to p. Conversely, consider an srg(v, k, λ, k/2), add an isolated vertex, and define
a triple of vertices to be coherent if and only if it has an odd number of edges. Then a regular
two-graph with n = v + 1 and a = k is obtained.
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The following definition of the Hermitian two-graphs is due to Taylor [12]. Let q be an
odd prime power, let H be a non-degenerate Hermitian form in PG(2, q2) and let U be the
corresponding Hermitian curve. Define a triple {x, y, z} of points of U to be coherent if and
only if H(x, y)H(y, z)H(z, x) is a square (respectively a non-square) in GF(q2), q ≡ −1
(mod 4) (respectively q ≡ 1 (mod 4)). This two-graphH(q) on U is regular with n = q3 + 1
and a = (q − 1)(q2 + 1)/2. The descendant H′(q) of H(q) is called the Hermitian graph; it
is an srg(q3, (q − 1)(q2 + 1)/2, (q − 1)3/4 − 1, (q − 1)(q2 + 1)/4).
If q is a power of 3, H′(q) can be constructed geometrically by combining a result by
Gunawardena and Moorhouse [5] and a result by Taylor [14].
THEOREM 3.1. Let U be the Hermitian ovoid of H(3h), h ∈ N\{0}; let pi be the orthogonal
polarity associated with the underlying Q(6, 3h). Choose p ∈ U and define two elements x
and y of U \{p} to be adjacent if and only if 〈p, x, y〉pi intersects Q(6, 3h) in a Q+(3, 3h).
This graph on U \{p} is isomorphic to the Hermitian graphH′(3h).
4. A GEOMETRIC CONSTRUCTION OF PARTIAL GEOMETRIES WITH A HERMITIAN
POINT GRAPH
For any odd prime power q the Hermitian graph H′(q) is pseudo-geometric for s = q −
1, t = (q2 − 1)/2, α = (q − 1)/2. Mathon [8] proved that H′(32h), h ∈ N \ {0}, is the
point graph of the partial geometry M3(h) and of its derived partial geometries. From the
construction in this section it will follow that H′(32h+1), h ∈ N, is geometric as well. For
the smallest Hermitian graphH′(3) this was known [9], the partial geometry being the unique
generalized quadrangle Q−(5, 2) of order (2, 4). It has been proved [11] that H′(q) is not
geometric for q = 5 and q = 7. The problem is still open for q > 7, q not a power of 3.
From now on we assume q = 3h , h ∈ N \ {0}. Let U be the Hermitian ovoid of the
generalized hexagon H(q), choose an arbitrary point p ∈ U , and let pi denote the orthogonal
polarity associated with the underlying Q(6, q). The point set of the partial geometries will
be U\{p}, and lines are of two types. The type 2 lines are the sets P(p, x)\{p}, x ∈ U\{p}. As
〈P(p, x)〉pi intersects Q(6, q) in a hyperbolic quadric Q+(3, q), the type 2 lines are q-cliques
inH′(q). For the construction of the type 1 lines we proceed in a number of steps.
STEP 1. Let s ∈ 02(p), and let M be a line through s and not through p in the plane
02(p) ∪ {p}. Choose a point t ∈ U \ {p} such that M = 02(p) ∩ 04(t); put Q(4, q) :=
ppi ∩ tpi ∩Q(6, q) and Q+(3, q) := 〈P(p, t)〉pi ∩Q(6, q). Let Nk, k ∈ GF(q)\{0}, denote the
generators of Q(4, q) through s which do not lie in Q+(3, q). Then for each k ∈ GF(q)\{0}
the set Ck := Npik ∩ (U \{p}) consists of q points, one of which is t . To prove this, one uses
the standard forms at the end of Section 2. Without loss of generality one may assume p =
(1, 0, 0, 0, 0, 0, 0) and t = (0, 0, 0, 0, 1, 0, 0), which means that M is defined by the equations
X0 = X1 = X2 = X3 = X4 = 0. To settle the thoughts suppose s = (0, 0, 0, 0, 0, 1, 0);
however, the calculations are similar for other points of M . For each k ∈ GF(q)\{0} the line
Nk can be written as 〈(0, 0, 0, 0, 0, 1, 0), (0, 0, 1, k, 0, 0, k2)〉. Substitution of the equations
for Npik into the coordinates of a general point of U \{p} yields a′′ = 0, a′ = −k−1(γ 3a2 +
k2)a, a ∈ GF(q).
For any two distinct points u and v of Ck, k ∈ GF(q)\{0}, the quadric ppi ∩ upi ∩ vpi ∩
Q(6, q) contains at least one line, Nk . As p, u and v are mutually non-colinear on Q(6, q),
this quadric is non-degenerate and hence hyperbolic. Theorem 3.1 implies that Ck is a q-
clique in H′(q), so could act as a line of the partial geometry. But not all these q-cliques can
be used. Giving p, t and s the same corrdinates as above and considering two generators Nk =
〈s, (0, 0, 1, k, 0, 0, k2)〉 and Nk′ = 〈s, (0, 0, 1, k′, 0, 0, k′2)〉 of Q(4, q), k, k′ ∈ GF(q)\{0},
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kk′ a non-square, one easily calculates that the corresponding q-cliques Ck and Ck′ intersect in
more than one point. Similarly one checks that this problem does not occur if kk′ is a square.
Hence there arises a partition of {Nk |k ∈ GF(q)\{0}} into two sets of (q − 1)/2 lines such
that the corresponding q-cliques intersect only in t if and only if the lines are in the same set.
Choose any of the two sets and define the q-cliques constructed from the lines of this set as
the type 1 lines of the partial geometry associated with the triple (s, M, t).
STEP 2. Lemma 2.1 implies 02(p) ∩ 04(t ′) = M for all t ′ ∈ P(p, t)\{p}. The type 1 lines
associated with (s, M, t ′) are determined by those associated with (s, M, t) in the following
way: the corresponding generators N ′k of the four-dimensional quadric ppi ∩ t ′pi ∩ Q(6, q)
are the projections from p onto t ′pi of the lines Nk belonging to the set chosen in Step 1. It is
straightforward to check that the type 1 lines associated with (s, M, t ′) intersect only in t ′.
STEP 3. Let M ′ 6= M be a line through s and not through p in the plane 02(p) ∩ {p};
choose a point v ∈ U \{p} such that M ′ = 02(p) ∩ 04(v). As P(p, t)\{p} is a maximal
clique inH′(q), v is adjacent to (q − 1)/2 vertices of P(p, t)\{p} [6]. Let t ′′ be one of these
vertices, and consider the generators N ′′k , k ∈ GF(q)\{0}, of the four-dimensional quadric
ppi ∩ t ′′pi ∩ Q(6, q) which contain s and do not lie in Q+(3, q). Using coordinates it is easy
to prove that two of these generators lie in vpi and that only one of them could be used to
construct a type 1 line associated with (s, M, t ′′). Define this type 1 line to be associated with
(s, M ′, v) as well. If this is repeated for all points of P(p, t)\{p} adjacent to v, (q−1)/2 type
1 lines associated with (s, M ′, v) are obtained, which intersect only in v.
STEP 4. In Steps 1–3 all type 1 lines associated with a triple with s as a first component
have been constructed; repeat the construction for all other points s′ ∈ 02(p).
The point-line incidence structure thus defined, with natural incidence, will turn out to be a
pg(q − 1, (q2 − 1)/2, (q − 1)/2). From Step 3 it follows that a type 1 line can be constructed
through any of its points; clearly this is also true for type 2 lines. So every line is incident
with q points, and every point is incident with (q2 − 1)/2 type 1 lines and with one type 2
line. Two distinct type 2 lines are not concurrent. Suppose that a type 1 line L would contain
two distinct points t and t ′ of the type 2 line P(p, t)\{p}, and let N be the generator of a
Q(4, q) such that L = Npi ∩ (U\{p}). Then N would lie in the three-dimensional hyperbolic
quadric 〈P(p, t)〉pi ∩ Q(6, q), a contradiction to the construction of type 1 lines. Let M be
a line not through p in the plane 02(p) ∪ {p}, and choose a point t ∈ U \ {p} such that
02(p) ∩ 04(t) = M . Let s and s′ be distinct points on M and suppose that a type 1 line
associated with (s, M, t) and a type 1 line associated with (s′, M, t) would contain a second
common point v 6= t . Then s and s′, and hence M , would lie in vpi , which would imply
v ∈ P(p, t)\{p}, a contradiction. Consequently two distinct lines of the incidence structure
intersect in at most one point. Collinear points correspond to adjacent vertices in H′(q) by
construction; an easy counting argument shows that the converse holds as well. Hence the
point graph of the incidence structure is H′(q). As (type 1 and type 2) lines are maximal
cliques in H′(q), a point not on a line is collinear with (q − 1)/2 points on that line [6]. It
follows that the incidence structure is a pg(q − 1, (q2 − 1)/2, (q − 1)/2).
For each s ∈ 02(p) a choice has to be made between two sets of lines, and these choices
are mutually independent. So the construction yields 2q(q+1) partial geometries withH′(q) as
a point graph. For q = 32h+1, h ∈ N, they are new. It can be proved, mainly by long calcula-
tions, that for q = 32h , h ∈ N\{0}, they are isomorphic to the partial geometries constructed
by Mathon in [8]. The line graphs of the partial geometries are srg(q2(q2 + 1)/2, q(q2 −
1)/2, q(q − 2), q(q − 1)/2); no such graphs seem to have been known before.
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5. OPEN PROBLEMS
Little is known about mutual isomorphisms between the 2q(q+1) partial geometries con-
structed in Section 4. If q is an even power of 3, any partial geometry is isomorphic to the
one where the ‘complementary’ choices are made [8]. For q = 3 the generalized quadran-
gle Q−(5, 2) is obtained, while there are at least 11 mutually non-isomorphic pg(8, 40, 4)
with point graph H′(9) [8]. A more general answer does not seem to be obvious from the
constructions, however.
Two-graph geometries were introduced by Haemers [7]. These point-block incidence struc-
tures are one-point extensions of partial geometries and have the property that the point set
and the set of triples of points lying in a block form a regular two-graph. The smallest Hermi-
tian two-graphH(3) supports a unique two-graph geometry which is a one-point extension of
the generalized quadrangle Q−(5, 2). It is not known whether there exists a two-graph geom-
etry onH(q) for q > 3. We tried to repeat the construction in Section 4 with another ‘special’
point than p, but noticed that the blocks were not well-defined. This seems to suggest that if
a Hermitian two-graph geometry exists, then among the partial geometries of which it is an
extension there is at most one partial geometry of the kind described in Section 4. A conse-
quence would be the existence of (probably many) presently unknown partial geometries with
a Hermitian point graph.
ACKNOWLEDGEMENT
The author thanks her supervisor Frank De Clerck for fruitful discussions and for proof-
reading this text.
REFERENCES
1. I. Bloemen, J. A. Thas and H. Van Maldeghem, Translation ovoids of generalized quadrangles
and hexagons, Geom. Dedicata, 72 (1998), 19–62.
2. F. De Clerck, Partial and semipartial geometries: an update. To appear in Ann. Discrete Math.,
Proceedings of Combinatorics 2000, Gaeta, Italy, 2001.
3. F. De Clerck and H. Van Maldeghem, Some classes of rank 2 geometries, in: Handbook of Incidence
Geometry, North-Holland, Amsterdam, 1995, pp. 433–475.
4. V. De Smet and H. Van Maldeghem, The finite Moufang hexagons coordinatized, Beitra¨ge Algebr.
Geom., 34 (1993), 217–232.
5. A. Gunawardena and G. E. Moorhouse, The non-existence of ovoids in O9(q), Europ. J. Combina-
torics, 18 (1997), 171–173.
6. W. H. Haemers, A new partial geometry constructed from the Hoffman–Singleton graph, in: Finite
Geometries and Designs (Proc. Conf., Chelwood Gate, 1980), Cambridge University Press, Cam-
bridge, 1981, pp. 119–127.
7. W. H. Haemers, Regular 2-graphs and extensions of partial geometries, Europ. J. Combinatorics,
12 (1991), 115–123.
8. R. Mathon, A new family of partial geometries, Geom. Dedicata, 73 (1998), 11–19.
9. J. J. Seidel, Strongly regular graphs with (−1, 1, 0) adjacency matrix having eigenvalue 3, Linear
Algebr. Appl., 1 (1968), 281–298.
10. J. J. Seidel, A survey of two-graphs, in: Theorie Combinatorie, Proc. Intern. Colloq. (Roma 1973),
Vol. I, 1976, pp. 481–511. Accad. Naz. Lincei.
11. E. Spence, Is Taylor’s graph geometric? Discrete Math., 106/107 (1992), 449–454. A collection of
contributions in honour of Jack van Lint.
12. D. E. Taylor, Some topics in the theory of finite groups, Ph. D. Thesis, University of Oxford, 1971.
13. D. E. Taylor, Regular 2-graphs, Proc. London Math. Soc. (3), 35 (1977), 257–274.
706 E. Kuijken
14. D. E. Taylor, Two-graphs and doubly transitive groups, J. Comb. Theory A, 61 (1992), 113–122.
15. J. A. Thas, Polar spaces, generalized hexagons and perfect codes, J. Comb. Theory A, 29 (1980),
87–93.
16. H. Van Maldeghem, Generalized Polygons, Birkha¨user Verlag, Basel, 1998.
Received 27 October 2000 and accepted 25 October 2001
ELISABETH KUIJKEN
Department of Pure Mathematics and Computer Algebra,
Ghent University,
Galglaan 2,
B-9000 Gent, Belgium
E-mail: ekuijken@cage.rug.ac.be
